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Abstract—Self-similarity and similarity aspects of the three-dimensional Hertz problem of contact
between two nonlinear elastic anisotropic bodies are considered under various boundary conditions :
frictionless, adhesive, frictional. It is assumed that in a problem with friction the contact region
consists of the following parts: in the inner part the interfacial friction must be sufficient to prevent
any slip taking place between the bodies and in the outer part the friction must satisfy the Coulomb
frictional law. The qualitative conclusions on the character of changes to the contact region and
approach of the bodies are described exactly. A formula similar to the empirical law of Meyer is
drawn up exactly without solving the field equations. The results are applied in an analysis of the
Hertz impact problem with friction.

1. INTRODUCTION

The complete analytic solutions to the Hertz problems of finding stress fields that arise
when two deformable bodies are pressed together were obtained only for isotropic or
transversely isotropic linear elastic bodies. In 1881, Hertz analysed the three-dimensional
problem of normal frictionless contact between two homogeneous, isotropic, linear elastic
bodies making the following approximating assumptions: (i) the shapes of the bodies are
described by forms; (ii) the size of the contact region is small with respect to the smallest
radius of curvature of the two bodies and the boundary-value problems for both bodies are
formulated as for half-spaces; (iii) the contact region is an ellipse. Working with these
assumptions Hertz applied some known results of potential theory.

The solutions of axisymmetric problems of frictionless contact, in the cases when the
shapes of the punches are described by a monomial, were obtained by Shtaerman (1939)
(the degree of the monomialis even) and Galin (1953) (the degree of the monomial is positive
rational). Kil’chevskii (1976) applied the Shtaerman results (1939) to the consideration of
axisymmetric impact problems.

Some axisymmetric adhesive contact problems for linear elastic isotropic bodies were
solved by Mossakovskii (1954, 1963), Goodman (1962) and Spence (1968). Spence showed
that, for the indentor described by a power law, the solution of this problem is self-similar.
He also solved the same problem for a punch with the shape given by a general polynomial.

The frictional self-similar contact problems in the axisymmetrical case were considered
by Spence (1975). Spence’s results were extended to transversely isotropic bodies by Turner
(1980). The various contact problems of isotropic elasticity with friction were also con-
sidered by Galin (1953), Vermeulen and Johnson (1964), Keer (1967), Gladwell (1980),
Spektor (1981), Bryant and Keer (1982), Johnson (1985), Kalker (1985), Hills and Sackfield
(1987), etc.

The three-dimensional problem of frictionless contact and impact of anisotropic bodies
(in Hertz’s approximation) was analysed by Willis (1966). In this analysis the functional
form of the pressure distribution between the bodies was found explicitly but a complete
solution was not obtained. It is well known that even the displacements produced by a
concentrated normal load on an anisotropic half-space cannot be found analytically ;
correspondingly, it is unreasonable to expect the complete analytic solution to the aniso-
tropic contact problem. For nonlinear bodies the Hertzian contact problems were also only
solved approximately [see references in Johnson (1985)].
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Evidently we cannot find the analytical solution to the considered problem of the
frictional contact between nonlinear elastic bodies but we extract as much insight into the
behavior of the solution as possible, regarding contact regions and character of dependence
on load without actually solving any field equations. Our consideration is based on similarity
methods which have been used only recently to consideration of problems of contact
between nonlinear axisymmetric and three-dimensional anisotropic bodies in frictionless
cases only [see e.g. Borodich (1988b, 1989, 1990). Hill 7 al. (1989) and Stordkers (1989)].

[t is shown that if the distance between two bodies is determined by an arbitrary
positive and homogeneous function of plane Cartesian coordinates and the stress potential
is a homogeneous function of the strain tensor, the solution of such a problem is self-similar
for any of the following boundary conditions: adhesive, frictional or frictionless. It is
shown that the similarity consideration provides the functional forms of the tangential
displacements within the inner contact region. We also consider a two-parameter similarity
transformation which transforms the solution of one contact problem into the solution of
another. Using the similarity properties of the solutions we obtain the qualitative con-
clusions on the character of changes of the contact region and approach of the bodies. These
conclusions generalize the empirical Meyer’s hardness law and semi-empirical formulae of
Bowden and Tabor (1964). We apply these conclusions to the analysis of some known
experimental results and to the problem of Hertzian collision between two nonlinear elastic
bodies. In the cases of isotropic or transversely isotropic linear elastic bodies the impact
problems are solved exactly using the results of Spence (1968) and Turner (1980).

2. FORMULATION OF THE CONTACT PROBLEM

We consider two bodies contacting together so that the resultant force between them
is P and there is only contact over a small region of the surface of each. The Hertz contact
problem is formulated in detail in many works [see e.g. Gladwell (1980), Johnson (1985)
and Willis (1966)]. Hertz assumed that the distance between two bodies is determined by a
quadratic form. Here we consider the bodies with more general shapes, the particular case
of which are quadratic forms.

Let us place the origin of Cartesian x, x,, x7-and x,, x,, x5 -coordinates at the point
of initial (in the unstressed state) contact between two bodies. We combine the Ox,x, plane
with the common plane tangent to the surfaces of the bodies at the point of the contact and
the x{ and x3 -axes are directed along the inward normals of the bodies.

We shall denote the quantities referring to the body xI = 0 by a superscript “plus”,
and those referring to the second body by a superscript “minus” sign. Then the equations
of the surfaces of the bodies are given as

Xy = -/ (X1,X2), X3 = —f (xy,x;), (nH

where f* and f ~ are certain functions of the coordinates.

In Hertzian formulation the resultants of compressive forces are always assumed to
lie on the x5 and x3 -axes.

After the bodies are compressed together, displacements »™ and u~ are generated.
Suppose that the relative approach of the centers of gravity is o > 0. Then, at all points of
the region of contact we have

ui +us =a—f, f=f1"+f . 2)

In Hertzian formulation it is also supposed that the sotution valid near the contact
region could be found by replacing each body by a half-space, while retaining the boundary
condition (2). Then the half-space x7 > 0 has a right-hand Cartesian system, but x5 > 0
has a left-hand system.

Finally, when the forms of the bodies /' *(x,, x,) and /" (x,, x,) and the compressing
force P are given, we must find the region G on the boundary plane R of the half-spaces
at the points at which the bodies are in mutual contact, the quantity « represents the elastic



Hertz frictional contact 1515

approach of the bodies, displacements u* and u™ and stresses o;; and ¢;; the points of half-
spaces (R3)* and (R3)".

In the problems considered, the compressing force P is included as a parameter, so we
shall write it among the arguments of the unknown quantities. Note that we may take as
parameters of the contact problem some other quantities, e.g. the approach of bodies o or
the size of the contact region /. The parameter / was used by Mossakovskii (1963), Spence
(1968) and Hill and Storakers (1990), the parameter « was used by Galanov (1981).

It is convenient to introduce the conventions that if quantities are written without
superscripts plus and minus then they are applied equally to both bodies and that Latin
suffixes take the values 1, 2, 3.

The sought quantities must satisfy in each of the bodies the following conditions:

The equations of equilibrium

O'ij,j(xa P)=0, (3)
where differentiation with respect to x; is denoted by ,; and the summation convention is

employed.
The constitutive relationships for elastic bodies one can write in the following form :

g = 6U(£k,)/ 651’]" 4
where U is the stress potential (elastic energy). The material behavior characterized by (4)
may be anisotropic or isotropic, depending on the form of the stress potential U.
The conditions at infinity :
u(x,P) >0, (x{+x3+x3) - co. %
The boundary conditions on the x; = 0 surface which include the following :
(i) conditions in the contact region, i.e. for (x,, x,) e RAG(P)
a3j(x17x2,0’P)=0; 6)
(ii) integral conditions
J‘a”(xl,xz,O,P)dxldxzz —P; M
G(P

(iii) a condition within the contact region, i.e. for (x,, x,) € G(P) U 0G(P), where G
is the boundary of the open region G, namely condition (2) which is rewritten in the form :

u;—(xths 09P)+u;(-xlax2a 05P) = a(P)_f(xlax2)9 (8)

and in addition two more conditions, which depend on considering a contact problem. In
the frictionless contact problem for the vector of tangential stresses T(x1, X3, P) = (65, (x,,
X3, 0, P), a35(x1, x,, O, P)) we have

t5(x1, %, P) =0, f=1,2. )

In the adhesive contact problem there is no relative slip between the bodies within the
contact region, the values of v, = uf —u; and v, = u} —u; within this region cannot
change with augmentation of the force. This is expressed by
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0
ﬁvﬂ(xl,xz,O,P) =0, dP>0. (10)

In the frictional contact problem it is assumed that the contact region consists of the
following parts: in the inner part G, the interfacial friction must be sufficient to prevent
any slip taking place between the bodies, i.e. eqn (10) holds, and in the outer part G\G, the
friction must satisfy the Coulomb frictional law. These conditions are written as:

5}
ﬁ,vﬁ(xl,xz,o,P) =0, (x1,x2)eq,

v(x,,x,,0,P
©(x), X2, P) = —0033(x1, %2, 0, P) [mil]
12 A2 3

(x1,x2) €G\G, (In

where 6 is the coefficient of friction (Spektor, 1981).

3. SELF-SIMILAR CONTACT PROBLEMS

Now we highlight the general properties of contact problems. Here we shall use the
self-similarity technique. Similarity in problems of mathematical physics (in the case when
only scaling is used) is directly connected with the concept of the quasi-homogeneous
function [see e.g. Borodich (1988a)] and it is defined below.

Definition (Arnold et al., 1982). The function g with arguments x, ..., x, is called a
quasi-homogeneous function of degree d with weights f,, ..., §, if for any 4 > 0 we have

g(Aix,, ..., Ax) = 2g(x,...,x,). (12)

Evidently, the self-similarity concept follows from the quasi-homogeneous concept.
Indeed, let any variable x; be separated, i.e. it plays the role of a parameter. Let us assume
that i = n. If we set 4 = x; '/’ then from (12) we have

g(x1,. .., %) = x8bag(x, Bibax, . . x Py, 1), (13)

i.e. we have reduced the number of variables. The functions such as the function in (13) are
called the self-similar functions.

If we assume all the functions in the contact problems (3)—(11) to be quasi-homo-
geneous of different degrees and different weights, then we find that the following conditions
are fulfilled :

(i) the function of distance f(x,, x,) between two contacting bodies is determined
by an arbitrary positive and homogeneous function of degree d, where d > 1, of plane
Cartesian coordinates, i.e. the following conditions are satisfied :

flxi,x2) >0, (xl,xz)eRz\{O},
'/‘(X‘,XZ)GCI(RZ\{O}),
FAxy, Axy) = A% f(x1,xy), d=1, Vi>0; (14)

(ii) the stress potentials U* and U~ for each of the bodies are homogeneous functions
of degree u+ 1 with respect to the components of the strain tensor &, i.e.
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U(de) = A#*'Uley), YA>0; 15
(iii) the weights of the arguments x,, x,, x5, P are
Bi=1, B.=1, Bs=1, Bi=a, a=2+u(d-1). (16)
We can now formulate the following theorem of self-similarity :

Theorem 1. Let the distance between contacting anisotropic elastic bodies be determined
by the function f satisfying (14), and the stress potential u satisfying (15).

Let the functions u(x, P,), o,;(x, P,), region G(P,) and quantity a(P,) give the
solution of the contact problems (3)—(11) for these bodies.

In addition, assume G(P,) and G, (P,) are star-shaped regions in R, then the solution
of this problem for any positive force P will be given by :

u(x, P) = k~%u(kx, P)), an
&j(x, P) = k'~ (kx, P,), (18)
0,,(x, P) = k"4 Vg, (kx, P,), 19)
a(P) = k~%a(P,), 20)
where
k = (P,/P)/2+Hd=-D1 e P — k2P, Q1)

and both the contact regions G and G| are changed by the homoteteous transformations :

[(x1,%2) € G(P)] <= [(kx,, kx,) € G(P))],
[(x1,x2) € G (P)] <> [(kx,, kx,) € G, (Py)]. (22)

Proof. From (19) one obtains

aa'ij(xa P) — k_”(d_l) aaij(é» Pl) agt
Ox; 0¢&; ox;’

J

éj = kx,-, 6r§j/6xi = kfsij, (23)

where J;; is the Kroneker delta.

However, according to the assumption of the theorem, the o,(&, P,) satisfy (3).
Therefore, (23) shows that the g,;(x, P) satisfy (3) too.

Then using (19) and the assumption that o;,(&, P,) satisfy (4), it can be shown that

—u(d—1) 0 U[ekl(é’ Pl)]

6,;(x,P) = k™4 Vg (&, P) =k 24
’ ! 1 0g,;(§, P) (24)

On the other hand, using (18) it can be shown that
0Ulew(E, P1)] _ OUTK“" Vey(x, P)] 0&,m(x, P) 25)

asij(g, Pl) B aemn(x, P) asij(éapl) '

By substituting (25) and (15) in (24) one obtains
SAS 30:11-6
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- u(d - _ 1, CUlen(x, P)] oUle(x, P)]
(X, P) = k@ D g - CULEE L gy OV, L)
7. P) de,(x.P) * e, (x, P) (26)

Therefore, (26) shows that ¢,,(x, P) and ¢,(x, P) satisfy (4).

The definition of the functions «,(x, P) implies that they vanish at infinity.
The validity of the conditions (6)--(8) is proved in the same way :

(73](3(1, X2, 05 P)I(.’CI.XZ)ERZ\G(P) = kwu(zlw ”0'3/-(1()61,/()(2, 0, k”P)](,\‘lA,\'Z)ERz'\G(P)
t—d
= k" )03;‘(@, &, O’Pl)|(§‘.¢'2)eRZ\G(PI) =0

jfa”(x,,xz, O,P)dx,dx, = k? ij“(d Vo ys(kxy, kxy, 0,k P)d(kx,) d(kx,)

G(P) G(P)

= o Hd D2 Jf 033(£1,8,,0,P))dE dEy = —k - D¥Ip = _p

G{P))
Let (x,, x,) e G(P) v dG(P), then one has
(3 (¢, P)+us (X, P)ls,—0 = b [uf (& P)—us (6, P)]l¢,=0
=k “[a(P)) —f(kx,, kx;)] = o(P)—[f(x1,x3).

The conditions (9)—(11) should be considered separately.
From (9) we have

TB(X|,X2, P) = k*ll(d ) l)0-3ﬁ(€13629 OSPI) = O’ (61’52)ER2\G(P1)

and the theorem in the case of the frictionless contact problem has been proved.

In the case of adhesive contact the inner region G is equal to the whole contact region
G. Note that (17)—(21) show that the functions u;(x, P) are quasi-homogeneous functions
of degree d with weights (1, 1, 1, a). Then for every positive quantity A one has

] Oui(AX, A1) 1y o a Owi(AX, A°P)
op op 3(“P) 2("P)

Next, let A = k = (P,/P)"“ then

Ou;(x, P) ka__,,auf(kx,Pl)
oP oP,

This and (22) ensure that on the surface x; = 0 one has

R S — kufdauﬂ(éhéZ’ Ospl) )
oP (x.X2)€G (P) OP, (182066 (P )

27
Finally, (27) together with the assumption that condition (10) is satisfied for P, implies

Iy ’O’P
ovg(x1, X, ) =0, (x,x)eG(P).

In the case of the frictional problem the contact region consists of the inner adhesive
region and the outer annulus of slip. For the adhesive region G, (P) the boundary condition
is verified in the same way as in the adhesive problem and we should verify the validity of
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boundary condition (11) in the outer region R*\G, only. From (17), (19) and (22) one
obtains

v(xth’ 09P) _ _ v(éhéZaO,PI)]
~0033(x1, %2, 0, P) [|v(x1,x2,o,P)|]= —Ok 4 D035(81, €2, 0, ')[w(c.,éz,o,m
28)

and
T(x1, X, P) = k7#9"D1(&,, &5, Py).

However, according to the assumption of the theorem the vector of tangential stresses (¢,
&,, P)) satisfies (11). Therefore, (28) shows that 74(x,, x,, P) satisfies (11) too.

The proof of Theorem 1 is now complete.

The theorem has pointed out the classes of self-similar contact problems which include
all previously considered self-similar contact problems of three-dimensional infinitesimal
elasticity as particular cases [see e.g. Spence (1968, 1975), Galanov (1981), Borodich (1983,
1988b, 1989, 1990), Hill ez al. (1989), Stordkers (1989) and Hill and Stordkers (1990)].

The theorem provides the following qualitative corollaries which hold under the
assumptions that have been made above:

(i) The size / of the contact region varies in proportion to the load raised to the power
l/a;

(ii) The approach of the bodies is proportional to the load raised to the power d/a,
namely :

I(P) = [I(PI)PI_ 1/[2+ u(d— l)l] pY2+ud- l)], (29)
a(P) = [a(P,)P l—d/[2+u(d~ l)]] pA2+pud—1] (30)

Indeed, the definition of the region G(P) by (22) implies that the size of the contact
area varies proportionally to k~' and this yields, after substituting from (21), the first
assertion. The second assertion follows from (20).

Note that from the solutions of the problems of contact between linear elastic bodies
in which d = 2 (Hertz, 1881 ; Willis, 1966) and from such solutions in which d = 2n and
d = s/n, where s and n are natural [see e.g. Shtaerman (1939) and Galin (1953)] formulae
analogous to (29) and (30).

We now give the functional forms of the relative tangential displacements v;(x;, x,,
0, P) within the contact region in the contact problems considered.

From the conditions of adhesive contact one has

Uﬂ(X],Xz,O,P) =vg(xlsx2)’ (x]’xZ)EG(P), (31)
where vj are certain functions of x; and x,.
On the other hand v4(x,, x,, O, P) are the quasi-homogeneous functions of degree d
with weights (1, 1, 1, a). Then for every positive quantity A one has
vp(Ax 1, Axy, 0, 1°P) = Av4(x), X5, O, P). (32)
From (31) and (32) follows
Uﬂ(xlaxZa OyP) = j'Mdvl?(ﬂ‘xlaA‘x2)’ (xls-xZ)eG(P)' (33)

In the polar coordinate system r, ¢(x, = rcos ¢, x, = rsin ¢) by substituting A = r~'
in (33) one has for (x,, x,) € G,(P):
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vs(x1, X2, 0, P) = r'vj(cos ¢, sin @) = rwy(¢), (34)

where wy are certain functions of the angle ¢.

Note, that in the axisymmetric problem of adhesive contact of isotropic bodies the
corollary (34) was obtained by Spence (1968).

Above we assumed the resultants of compressive forces to lie always on the x;-axes
and therefore the moments of contact stresses about the x,- and x,-axes are both zero. But
this assumption may be weakened in the following way :

Let moments M, (P,) and M,(P,) both be zero for the compressive force P,, i.e.
My(Py) = (“I)MIJJ‘ Xp033(X1, X5, 0, Py)dx,dx, = 0. (35)
G(FPy)

Then, in the self-similar problems considered above, M,(P) and M,(P) are both zero for
any positive compressive force P. Indeed, by substituting (19) and (22) into (35), one has

(— 1P+ My(P) = JJ xp033(X1, X2, 0, P)dx, dx,
G(P)
= k*3 J‘J\ (kX[g)k'—u(d~ “0'33(]()61,1()(2, 0’ k"P)d(kxl)d(kxz)
G(P)
o foHd— 13 jj E3033(E 1, E2, 0, P ) dE A&y = (— 1P k1 D340 (P 1y = 0.
G(P))

Finally, note that although the actual contact boundary-value problem is non-steady
it can be made steady in terms of reduced variables when the problem is self-similar in the
way shown above [see eqn (13)]. Galanov (1981) showed in an example for an isotropic
medium that it is very convenient for numerical calculations of the stress and strain fields
to rewrite the contact problem in terms of reduced variables.

4. FRICTIONAL COLLISION OF ANISOTROPIC BODIES

In the same way as in the frictionless contact problems (Hertz, 1881 ; Willis, 1966) one
can extend Hertz’s theory of impact to the frictional impact of two anisotropic nonlinear
bodies.

Let the bodies have masses m* and m~. Hertz’s approximation is that, during the
impact, the distribution of stresses for any « is the same as that obtained from the solution
of the corresponding static contact problem (Willis, 1966). Then, considering the motion
of the mass center of each body, we obtain :

m*m

From (30) one has
P = [Ploc"[“"(‘l‘ l)]/d(Pl)]a[Hu(d— ')W(P). (37)

By substituting (37) into (36), we have
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mt+m”
o

& = —k,kzoc[”“("‘ l)]/d; k, = -

ky = Pa~rHa-0ldpy (38)

Multiplying both sides by & and integrating (provided & = V for ¢ = 0, where V is the
relative speed of the bodies just before their collision) we obtain :

24

2 _pr_ o 4
4 2t d+pd—1)

klkza[2+d+p(d— 1)]/d. (39)

At the moment of maximum compression the relative speed & vanishes. Then the maximal
approach of the bodies ax is given by:

24+d+p(d—1) 1 )d/‘2+d+ﬂ<d- oo, 3
= Vv f2+d+uld 1)]‘ 40
o ( 2d ik, (40)
This value is achieved at the moment ¢+ which is calculated from (39):
; J % da
* = 72
0 [ - 2d e ke, o2+ d+utd- \)Vd]l
24+d+u(d—1)
sz
2+4-d+u(d—1
d fa* »u'( ) (41)

T 2¥d+pd—1)

T .
|4 r[2+3d+u(d— 1)) }
4+2d+2u(d—1)

From (37) we can show that the maximum compressive force between bodies P, is

14 )(2[2+u(d— DDA2+d+pd-1))

Proy = k2a¥+“(d— I)]/da Pmax(V) = Pmax(Vl) (?
1

“2)

As an example, we consider the collision between elasto-plastic bodies. Such con-
sideration is possible because the deformation theory of plasticity for an active process
conforms to the physically nonlinear theory of eclasticity. Experimental points of the
P, ~ V curve, which are obtained for a collision between flat and spherical soft steel
surfaces (d = 2) with radius 14.5 mm, (Bagreev, 1963), are presented in Fig. 1.

The experimental stress—strain curve for soft steel under compression can be described
by the relationship ¢ ~ ¢%° in the interval of 0.01 < ¢ < 0.04. If we take ¥, = 10 cm s™!

Prax (KN)
°
i

Viem s™)

Fig. 1. Relation between maximal compressive force P,,,, and relative speed of collision V obtained
from (42) where P, (V) = 175N, ¥, = 10 cm s~ { Yd=2,4=06 (——)d=2,pu=1
(Hertz solution}. O—experimental data for soft steel specimens from Bagreev (1963).
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and P, = 175 N, we can draw the curves corresponding to computation from eqn (42)
and to the Hertz solution when u = 0.6 and u = 1, respectively. Good agreement is obtained
between the first curve and the experimental points, as Fig. 1 shows,

Note that eqn (42) is independent of the choice of boundary conditions (9)-(11).

5. A TWO-PARAMETER TRANSFORMATION OF SIMILARITY

Let us now consider a more general transformation of the initial contact problem (for
simplicity we shall consider a rigid punch pressing in a nonlinear half-space). In this
transformation one punch is replaced by another.

Let the function of the shape f,(x,, x;) of the first punch be transformed by tension
Ay times along the x, and x, axes and 4, times along the x; axis (see Fig. 2), i.e. the function
of the shape f(x,, x,) of the second punch is given by

Flxinxa) = Ao filhy x4y ' x). (43)

Then we are able to give a formulation of the following theorem of similarity.

Theorem 2. Let the shape of a punch be determined by any positive function f.

Let the punch be pressed in an anisotropic nonlinear elastic half-space with stress
potential U satisfying (15).

Let the functions uf(x, P,), 6i(x, P\), the quantity «*(P,) and the regions G*(P;) and
G¥(P)) give the solution of the contact problems (3)—(11) for this punch and a pressing
force P,.

In addition, assume G*(P,) and G*(P)) are star-shaped regions in R*.

Then, the solution of this problem for the other punch, whose shape is determined by
function f satisfying (43), pressed in the half-space by the force

P=A2"0up, (44)

will be given by u(x, P), 6,,(x, P), a(P), namely

u(x, P) = Ayu*(iy 'x, Py), (45)
As .
O'fj(xa P) = (I’)ﬂa?_;(ﬂ«x X, Py}, (46)
1
a(P) = Aya*(Py) (47)

and both contact regions G(P) and G (P) are altered by homoteteous transformations

{a) (b) IP

Apxz

Fig. 2. Transformation of similarity with parameters 4, and 4,: (a) Initial punch compressed by a
load P, ; (b) transformed by (43) punch compressed by a load P = AZ=#LP,,
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[(x1,x2) €GP <> [(A7 'x4, 47 'x2) e G*(PY)],
[(x1,x2) € G (P)] < [(47 'x1, AT 'x2) € GH(PY)]. (48)

The proof of Theorem 2 is demonstrated in the same way as the proof of Theorem 1,
i.e. by the direct verification of the validity of all conditions (3)—(11) for the collection of
the functions given by (43)-(48).

Note that if the shape function of punch is determined by an arbitrary positive and
homogeneous function of degree d, i.e. it is satisfied by conditions (14), then Theorem 1
follows from Theorem 2. Indeed, if we take A, = k~ 1, and 4, = k¢, then (43)—(48) trans-
form in (17)-(22).

6. A THEORETICAL STUDY OF HARDNESS TESTS

Hardness tests (Brinell, 1901 ; Meyer, 1908, and others) have long been the preferred
method of assaying the mechanical properties of metals during forming operations [see
references in Hill ez al. (1989) and Borodich (1989)].

In practice, it is frequently necessary to investigate the character of the interaction
between spherical punches and a physically nonlinear foundation. A new series of exper-
iments must be performed, however, when the radius of the sphere is changed.

Meyer’s empirical hardness law shows

P~r, 49

where x is some material constant. In the case of spherical punches this constant lies in the
interval 2 < x < 3. The semi-empirical formula of Bowden and Tabor (1964) shows that

P~ PP*mR™, (50)

where m is another material constant and R is the radius of the punch.

Here, we obtain the exact formulae similar to the formulae (49), (50).

Let the shape of a punch be determined by the homogeneous function f; of degree d.
We have from a test for the punch under load P, the quantities /(1, P,) and «(1, P,).

Let us assume another punch, which is bigger than the first by a factor of ¢, i.e. its
shape is determined by the function f such that f(x;, x,) = ¢f1(x}, x,).

Suppose that the material is nonlinear elastic with stress potential U satisfying (15).

Then the depth of indentation a(c, P) and size of contact region /(c, P) in the test for
the second punch under another load P will be given by

e, P) = ¢+ U=V Py M= DIy py), (5D
(e, P) = c2WCHu- V(PP )i Dlg(] P,). (52

Indeed, it follows from Theorem 2 that in the case under consideration ¢ = 1794, and
P[P, = A37#}4 ie.

/11 = o~ W2+ uld— l)ll(P/Pl)l![Hu(d—- l)]’ (53)
Ay = ¢l wd/2+ud- l)ll(P/pl)d/[2+n(d~ DI (54

Then substitution from (53) and (54) into (47) and (48) results in (51) and (52).
Note, that the formulae (51) and (52) are exact under the assumptions made above.
Evidently, the formulae (49) and (50) are the particular cases of the formulae (51) and
(52). Indeed, let the punches be spherical with radii R, and R, respectively. Then d = 2 and
cis equal to R,/R. Using (51) and (52), we obtain
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Fig. 3. .Relation between the depth o of indentation into anisotropic balsa wood specimen and load
P obtained from (56) where R, = 9.525 mm, P, = 10 N. O—experimental data from Bowden and
Tabor (1964).

IR, P) = (R/R)CT(P[P )"+ PIR,, Py), (55)
(R, P) = (R,[R)* WO (P[P )Y Pa(R,, Py). (56)

The last formulae were obtained for the frictionless case by Borodich (1989). Comparison
between (55) and (49), (50) leads to k = 2+ pyand m = u.

As an example, we examine the test of the penetration of spherical punches into the
surface of an anisotropic wooden specimen. The results of this test are presented by Bowden
and Tabor (1964). Owing to the material’s anisotropy (balsa wood, 67% saturation), the
contact region G is not a circle but resembles an ellipse. Bowden and Tabor (1964) showed
that / ~ P23 Tt follows from the comparison of this relationship and eqn (55) that u = 0.8.
Taking only one value of the depth of penetration from the test: a(R,, P,) = 81.6- 10" *m
where P, = 10 N and R, = 9.525 mm, we can now determine the other values of a(R, P)
using eqn (56). Experimental and theoretical « ~ P curves plotted by the method described
are shown in Fig. 3.

Note that the formulae (51), (52), (55) and (56) are valid for any of the boundary
conditions (9)—(11).

7. CONCLUSION

The actual contact boundary-value problem is non-steady but can be made steady in
terms of reduced variables when the problem is self-similar (Galanov, 1981 ; Borodich,
1983, 1988b, 1989, 1990 ; Hill ef al., 1989 ; Stordkers, 1989 ; Hill and Storakers, 1990). The
main condition of self-similarity is the condition that the distance between bodies is a
homogeneous function. Such functions are numerous. Quadratic forms and the fourth
degree forms are particularly special examples of such functions. And the classical Hertz
problem of contact, when it is assumed that the function of the distance is a quadratic form,
lies within the class pointed out.

We have shown that if the contact problem is self-similar then its properties are
independent of the choice of boundary conditions and are validity for both linear and
nonlinear, isotropic and anisotropic media. So, one can say that the self-similarity law of
change of the solutions is the general property of the considered problems.
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APPENDIX. COLLISION OF TWO LINEAR TRANSVERSELY ISOTROPIC BODIES

In Hertz’s approximation the shapes of the bodies are described by quadratic forms and thus f is a
homogeneous function of degree d = 2. Then there is the exact transfer of Hertz’s qualitative conclusions on the
character of the duration of the impact and the maximal approach :

51 V% s I rg i/s
Ty = (3 E;;!C:) V¥, T= [(g)sfsﬁm? ﬁ%} yoe. (AD

Indeed, these conclusions follow from (40)—(41) with d = 2.
Consider the adhesive collision of elastic spheres with radii R* and R~ Then in terms of polar coordinates
one can write

1
TR =5pr {A2)
where
_ R'R”
T RY+R
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Let the materials of the spheres be transversely isotropic for which the preferred directions are normal to the
Ox,_xz-sgrfaoe. Then there are only five independent nonzero components of the compliance tensor. Using the
engineering components of the compliance tensor given by Lekhnitskii (1950) :

(311— !' 1 —Vn TV o
€22 —Vu 1 =y 0as
£ £33 _ —Vy  —Vy A O3y
& 2(1+v) o’
£33 2(1+v) [02,
-8|2J L 2(1+vy) 512J

where 2¢;, = u; ;+u;,.
Introducing the elastic parameters a, b, ¢, 7, and & (Turner, 1980):

i—vg M2
a= -
1-vi |

_ rowltve

3
I—vq

b

’

_(atbY7 20 v+ ve)
C = E N

_fatb\ P all —w) -y

=) e )

. a+b\ " Tev V1
=[5 () ()

and also the parameters 4, C, D, A:

C=ct+c™, A= (a"ct+ac)/C,
D =@ ct—y ¢)/C, A= (8 ct+6¢)/C.

Turner (1980) obtained from Spence’s solution the exact solution of the adhesive contact problem for
transversely isotropic spheres. From Turner’s solution we get for transversely isotropic materials

k
e 02 k), (A3)
DC\/RA

1 [47+D
ke=gln [Tﬁiﬁ]’

w2
®(ky) = 1 —k%(cosech jnk,) J (cotEsinh k&) dE = 1 —0.69314% +0.2254k% + - - -.
0

k,=13n

where

Finally, (A3) together with (A1) and (A2), gives the exact solutions of Hertz adhesive collision problems for
isotropic or transversely isotropic spheres.

For the isotropic materials A = 1, v = vy = vy, a = b = |, ¢ = (I =v)/u, 6 = v{(1 —v), where y are shear moduli
of the spheres. Thus, we have

(1—2v+ l—2v’>
v 1=y 2u* 2p”
A=1, C=—rt——, D= "
H u <va* l—v'>
— t—=
U u
and
k
T e
—2v —2v -
— - " ]J/R
< 2u* 2u” )‘/

Note, that one could also obtain this value of the constant k, from Spence’s solution.



